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ABSTRACT
Many millisecond pulsars are thought to be old neutron stars spun up (‘recycled’)
during an earlier accretion phase. They typically have relatively weak (. 109 G) dipole
field strengths, consistent with accretion-induced magnetic burial. Recent data from
the Neutron Star Interior Composition Explorer indicate that hot spots atop the
recycled pulsar PSR J0030+0451 are not antipodal, so that the magnetic field cannot
be that of a centered dipole. In this paper it is shown that multipolarity is naturally
expected in the burial scenario because of equatorial field line compression. Grad-
Shafranov equilibria are constructed to show how magnetic multipole moments can
be calculated in terms of various properties, such as the amount of accreted mass and
the crustal equation of state.
Key words: stars: neutron, accretion, magnetic fields, pulsars: individual: PSR
J0030+0451
1 INTRODUCTION
Advances in phase-resolved X-ray spectroscopy, primarily
associated with the Neutron Star Interior Composition Ex-
plorer (NICER) (Ray et al. 2019; Riley et al. 2019), have
allowed for surface temperature maps of rapidly rotating
neutron stars to be measured with increasing accuracy. The
maps reveal the location and geometry of ‘hot spots’ with
. keV blackbody temperatures, which are produced when
electrons (or positrons) created in charge-starved regions of
the magnetosphere (‘gaps’) flow back along magnetic field
lines and crash onto the stellar surface (Usov & Melrose
1995; Zhang & Cheng 1997; Harding & Muslimov 2001).
As a result the maps reveal detailed information about the
magnetic field B on the surface and in the magnetosphere
(Cheng & Taam 2003; Miller et al. 2019); hot spot geometry
can be tied to gap structure (Sturrock 1971; Ruderman &
Sutherland 1975; Arons 1983; Muslimov & Harding 2003).
For example, an analysis of thermal X-ray pulsations was
performed by Bilous et al. (2019) using NICER data for the
object PSR J0030+0451, a millisecond-pulsar ‘recycled’ by
accretion during an earlier low-mass X-ray binary (LMXB)
stage (Alpar et al. 1982; Urpin, Geppert & Konenkov 1998).
? E-mail: arthur.suvorov@tat.uni-tuebingen.de
They found that an antipodal (i.e. diametrically opposed)
hot spot model does not replicate the data, which implies
that particle backflow, and hence the magnetic field, cannot
be reflection symmetric about the geographic equator. In
particular, the magnetic field cannot be a centered dipole;
it must include appreciable even-order multipoles.
There are several physical mechanisms which may in-
stigate magnetic multipolarity, such as crustal Hall drift
(Geppert, Gil & Melikidze 2013), accelerated Ohmic dif-
fusion (Urpin & Geppert 1995), or accretion-induced mag-
netic burial (Bisnovatyi-Kogan & Komberg 1974; Blondin &
Freese 1986). The last mechanism, the focus of this work, is
a process where accreted material piles onto the polar cap,
and gradually equilibrates toward a mountain-like mass dis-
tribution (‘magnetic mountain’) whose weight is supported
by the compressed, equatorial magnetic field (Brown & Bild-
sten 1998; Melatos & Phinney 2001; Payne & Melatos 2004;
Zhang & Kojima 2006; Mukherjee & Bhattacharya 2012).
The polar magnetic field is buried in the process, reducing
the magnetic dipole moment, consistent with observations of
LMXBs (Taam & van den Heuvel 1986; Hartman et al. 2008;
Patruno et al. 2012; Mukherjee 2017). Simultaneously the
local magnetic field increases in strength and becomes mul-
tipolar. There is then an interesting question about whether
the field stays buried or gradually resurrects, either rapidly
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due to hydromagnetic instabilities (Cumming et al. 2001;
Litwin et al. 2001; Mukherjee et al. 2013) or slowly due to
Ohmic (Konar & Choudhuri 2004; Vigelius & Melatos 2009;
Wette, Vigelius & Melatos 2010) or thermal (Brown, Bild-
sten & Rutledge 1998; Suvorov & Melatos 2019) relaxation.
It is the purpose of this work, assuming that the field re-
mains buried over sufficiently long time-scales1, to demon-
strate how the multipolarity of the magnetosphere may be
tied to the accretion history of the pulsar, which depends
on parameters such as the total accreted mass Ma and the
crustal equation of state (EOS) (Priymak, Melatos & Payne
2011).
Previous works have focussed mostly on the case of
symmetric accretion. Recently, Singh et al. (2020) studied
compositional gradients in asymmetrically accreted moun-
tains [see also Ushomirsky, Cutler & Bildsten (2000); Wi-
jnands, Degenaar & Page (2013); Haskell et al. (2015)],
and found that mass-density perturbations triggered by
anisotropies in thermonuclear reaction rates can lead to lev-
els of gravitational radiation which might account for the ob-
served episodes of accelerated spindown in PSR J1023+0038
(Haskell & Patruno 2017). However, Singh et al. (2020) con-
sidered low accreted masses (10−15 . Ma/M . 10−11)
where burial effects are negligible or just starting to make
themselves felt. In particular, asymmetric flows depositing
sufficiently large Ma at the two poles would squash the equa-
torial band of the compressed B field away from the equator
and make non-antipodal hot spots. We study this scenario
in this paper. The EOS, and in particular the compress-
ibility, of the accreted crust sets a characteristic height and
mass density for the mountain, which naturally impact on
the efficacy of burial (Priymak, Melatos & Payne 2011).
We model the magnetic field of isolated, recycled pul-
sars by computing hydromagnetic equilibria for a variety
of magnetic mountain models using a version of the Grad-
Shafranov solver initially developed by Payne & Melatos
(2004), which is extended to handle unequal mass fluxes in
the northern and southern hemispheres. We consider neu-
tron stars with pre-accretion magnetic fields that are dipo-
lar for simplicity. The main new features of this work are
that we consider north-south asymmetric accretion with
masses Ma . 10−4M, large enough to facilitate substan-
tial burial, and show how to build self-consistent magneto-
hydrodynamic equilibria in this case. This upper limit cor-
responds directly to the systems GX 1+4 and Her X−1,
for example, which have Ma ≈ 10−4M (Taam & van den
Heuvel 1986). However, our simulations may also reasonably
describe higher-Ma systems if some accreted material sinks
into the star (Choudhuri & Konar 2002; Wette, Vigelius &
Melatos 2010), so that only a fraction of the true Ma is
confined within the mountain (see Sec. 2.3). We also show
how one may relate the multipolarity of the buried magnetic
field to astrophysical observables, relevant for existing and
upcoming NICER X-ray timing data.
This short paper is organised as follows. In Section 2 we
1 For isolated, recycled pulsars, such as PSR J0030+045, this
amounts to assuming that the mountain remains, and that burial
is sustained, after the companion has been ablated away by
the relativistic pulsar wind (Rasio, Shapiro & Teukolsky 1989;
Bisnovatyi-Kogan 1990).
review the key features of magnetic burial, and describe the
hydromagnetic structure of the permanent mountain that
arises following an episode of accretion (Sec. 2.1), which de-
pends on the mass-flux (Sec. 2.2) and crustal EOS (Sec.
2.3). The computational procedures involved and boundary
conditions employed are detailed in Sec. 2.4. Global multi-
pole moments (Section 3) are calculated for the symmetric
(asymmetric) case in Section 4 (Section 5) for various EOS
and accreted masses. Preliminary interpretations of the re-
cent NICER results are given in Section 6.
2 MAGNETIC BURIAL
During accretion, the neutron star’s magnetic field lines are
compressed towards the equator by infalling matter. As a
result the post-accretion magnetic field is more intense than
the natal field locally at the equator, but the dipole mo-
ment (a global quantity) is reduced because it is dominated
by the polar magnetic field, which is ‘buried’ by accretion.
An inverse relationship between the accreted mass Ma and
the global dipole moment µ1 has been observed in LMXBs
(Taam & van den Heuvel 1986; Hartman et al. 2008; Patruno
et al. 2012), qualitatively consistent with numerical magne-
tohydrodynamics simulations of magnetic burial (Payne &
Melatos 2004; Vigelius & Melatos 2009; Priymak, Melatos
& Payne 2011; Mukherjee & Bhattacharya 2012; Mukherjee
2017). The exact relationship between Ma and the result-
ing magnetic field geometry depends on the hydromagnetic
structure of the mountain, which we explore in Sec. 2.1.
2.1 Hydromagnetic structure
The mountain equilibrium is determined by the force bal-
ance (Grad-Shafranov) equation
0 = ∇p+ ρ∇Φ + ∆2ψ∇ψ, (1)
where ∆2 =
(
4pir2 sin2 θ
)−1 [
∂rr + r
−2 sin θ∂θ (csc θ∂θ)
]
is the Grad-Shafranov operator in spherical coordinates
(r, θ, φ), p is the fluid pressure, ρ is the mass density, and ψ
is a scalar flux defining the magnetic field,
B =
∇ψ × eˆφ
r sin θ
. (2)
As in previous studies (Priymak, Melatos & Payne 2011;
Suvorov & Melatos 2019; Singh et al. 2020), we prescribe a
spherically symmetric gravitational potential with constant
acceleration Φ ∝ r, and ignore the self-gravity of the moun-
tain (i.e., we do not solve the Poisson equation) for simplic-
ity (Haskell et al. 2006; Yoshida 2013). Solutions to equa-
tion (1) self-consistently determine the hydrostatic pressure
of the mountain, which balances the Lorentz force coming
from the twisted magnetic field, when an EOS (Sec. 2.3) and
appropriate boundary conditions (Sec. 2.4) are imposed.
In general, (1) can be solved exactly to give∫
dp
dρ
dρ
ρ
= F (ψ)− (Φ− Φ0) , (3)
where Φ0 = Φ(R?) is a reference potential at stellar radius
R?, and F is a function of the scalar flux set by the accre-
tion physics. In particular, the pre- and post-accretion states
can be related through the flux-freezing constraint that the
© ? RAS, MNRAS 000, 1–14
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mass-flux ratio dM/dψ, defined as the mass confined within
the volume between infinitesimally separated flux surfaces
ψ and ψ + dψ, matches that of the pre-accretion state plus
any accreted matter (Mouschovias 1974; Melatos & Phinney
2001), which leads to
dM
dψ
= 2pi
∫
C
dsρ [r(s), θ(s)] r sin θ|∇ψ|−1, (4)
where C is the curve ψ[r(s), θ(s)] = ψ parametrised by the
arc length s. Equation (4) can be solved by inverting (3) for
ρ in terms of ψ given a barotropic relation p = p(ρ), leading
to a unique expression for the function F (ψ) given M(ψ);
see Priymak, Melatos & Payne (2011) for more details.
2.2 Mass-flux ratio with and without north-south
symmetry
The exact form for the mass-flux M(ψ) is determined by
the details of how plasma flows from the accretion disc
through the magnetosphere (Ghosh & Lamb 1979), which
depends on a number of largely unknown factors, such as
the onset of magnetic turbulence (Balbus & Hawley 1991;
Abarca, Kluz´niak & Skadowski 2018) or other magnetohy-
drodynamic instabilities (Lasota 2001), the magnetization
parameter of bulk motion in the pulsar wind (D’Angelo &
Spruit 2010; Kong et al. 2011) (see also Sec. 3), and the incli-
nation angle between the star’s magnetic axis and the disc’s
rotation axis (Romanova et al. 2003) [see Done, Gierlin´ski,
& Kubota (2007) for a review]. We adopt the approxima-
tion that most of the accreted material is distributed nearly
uniformly within the polar-flux tube 0 6 ψ 6 ψa, where ψa
labels the last field line that closes inside the inner edge of
the accretion disc. The mass-flux distribution in one hemi-
sphere is set, as in previous works (Payne & Melatos 2004;
Melatos & Payne 2005; Suvorov & Melatos 2019), as
M(ψ) =
Ma
(
1− e−ψ/ψa
)
2 (1− e−b) , (5)
with b = ψ?/ψa for ψ? = B?R
2
?/2 given a natal polar field
strength B?.
In the case of symmetric accretion, the profile (5) with
the same values of Ma and b is adopted in both hemispheres,
i.e. we set bN = bS and MNa = M
S
a , where the superscripts
N and S denote north and south, respectively. If b = bN
in the northern hemisphere is higher (say) than b = bS in
the southern hemisphere, a lower percentage of MNa accretes
within the northern polar cap 0 6 ψ(r, θ 6 pi/2) 6 ψNa than
MSa accretes within the southern polar cap. More explicitly,
the form (5) for M(ψ) implies that the amount of accreted
mass within one flux tube 0 6 ψ 6 ψN,Sa reads∫ ψN,Sa
0
dM
dψ
dψ =
(e− 1) ebN,S−1
ebN,S − 1 M
N,S
a . (6)
From (6) we see that all of MN,Sa accumulates within the
cap for bN,S = 1, while ≈ 0.63MN,Sa accumulates there for
b 1.
It is important to note that there is one polar-flux tube
per hemisphere, and that ψ is reflection symmetric (anti-
symmetric) about the geographic equator for a pure odd-
(even−)order multipole. A north-south asymmetry in the
form of different b and Ma values could naturally arise if,
for example, accretion episodes are sporadic and the disc
is tilted at some angle relative to the star (Strohmayer et
al. 1996; Romanova et al. 2003), resulting in an asymmet-
ric accretion flow. Because the reflection symmetry about
the equator of ψ is broken under these circumstances, non-
antipodal hot spot structures can arise naturally. The details
of the numerical solution of (1) and (4) in this case are given
in Sec. 2.4.
2.3 Crustal equation of state
We adopt a polytropic EOS, p = KρΓ, where K is mea-
sured in cgs units (dyn g−Γ cm3Γ−2) and Γ is the adiabatic
constant which is tied to the accretion history in the fol-
lowing sense. For low accretion rates M˙a . 10−10M yr−1,
accreted plasma is approximately isothermal (Γ ≈ 1)
as the crustal temperature is locked to that of the core
(Miralda-Escude et al. 1990). At near-Eddington rates M˙a &
10−8M yr−1, neutrino cooling, bremsstrahlung, and elec-
tron capture by nuclei generate thermal gradients through-
out the crust and lead to density-dependent K and Γ factors
(Brown, Bildsten & Rutledge 1998; Brown 2000; Meisel et
al. 2018). In an actively accreting system, the observed X-
ray flux FX ≈ GMM˙a/
(
4piR?d
2
)
, where d is the distance
to the star, can be used to estimate Γ and thus the EOS
(Potekhin, Chugunov & Chabrier 2019). However, for recy-
cled pulsars having concluded their accretion episodes, mod-
elling the crustal EOS as a polytrope with a constant value
of Γ is likely a fair approximation (Haensel & Zdunik 1990;
Brown, Bildsten & Rutledge 1998; Fantina et al. 2018).
Calculations by Haensel & Zdunik (1990) using a com-
pressible liquid drop model (Mackie & Baym 1977) to es-
timate thermodynamic rates2 show that the EOS is domi-
nated by the contribution from relativistic, degenerate elec-
trons at sub-neutron-drip [ρnd ∼ 5 × 1011 g cm−3 (Chamel
et al. 2015)] densities. Mountains with maximum densities
below this threshold can be described as an isentropic gas of
electrons, with polytropic EOS p = KρΓ for K = 4.93×1014
(henceforth, cgs units for this quantity are always assumed)
and Γ = 4/3. We find a posteriori that ρ . ρnd corresponds
to accreted massesMa . 2×10−7M. It is important to note
that, in reality, the total amount of mass accreted during an
LMXB phase is likely much higher than the above Ma value,
though most of the material would gradually sink into the
lower-density substrate (Choudhuri & Konar 2002; Wette,
Vigelius & Melatos 2010). Sinking is not modelled here as
it is beyond the scope of this work and requires detailed as-
sumptions about the layered structure of the neutron star.
Strictly speaking, therefore, Ma should be thought of as the
amount of accreted mass that remains within the crust after
sinking occurs.
For accreted masses Ma  10−7M, with ρ & ρnd at
the base of the mountain, a more realistic EOS can be con-
structed by applying a damped least-squares algorithm to
the data collated in Table 1 of Haensel & Zdunik (1990)
to determine best-fit values for K and Γ. This was done
by Suvorov & Melatos (2019), who found Γ = 1.18 and
2 See also Fantina et al. (2018) for recent results using an energy-
density functional approach.
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K = 6.18 × 1014. For these choices, the relative differ-
ences between the pressures for the polytropic EOS and the
Haensel & Zdunik (1990) values for ρ & 1012 g cm−3 are
. 10%, with decreasing errors for increasing ρ; see Fig. 2 in
Suvorov & Melatos (2019). This EOS is referred to as the
“accreted crust EOS” throughout and applies for accreted
masses Ma & 10−5M.
2.4 Boundary conditions with and without
north-south symmetry
When accretion occurs symmetrically in the northern
and southern hemispheres, the boundary conditions we
adopt are, as in previous works (Payne & Melatos 2004;
Priymak, Melatos & Payne 2011; Suvorov & Melatos
2019), ψ(R?, θ) = ψ? sin
2 θ (surface dipole condition),
∂ψ/∂r(Rf, θ) = 0 (outflow), ψ(r, 0) = 0 (straight polar
field line), and ∂ψ/∂θ(r, pi/2) = 0 (north-south symmetry),
where R? 6 r 6 Rf and 0 6 θ 6 pi/2 delimit the compu-
tational grid. We do not simulate the region pi/2 6 θ 6 pi
because the Neumann condition ∂ψ/∂θ(r, pi/2) = 0 forces
ψ(r, θ) = ψ(r, pi−θ). The maximum radius Rf is chosen large
enough to encompass most of the diamagnetic screening cur-
rents (typically Rf ≈ 1.3R?) (Payne & Melatos 2004; Mas-
trano & Melatos 2012), so that we can continuously match
the ψ profile outside of the computational region to a sum
of force-free multipoles. In any case, we find that changing
the value of Rf by . 50% has little effect on the results:
quantitative aspects of the multipolarity are approximately
unchanged (see Secs. 3 and 5.1).
North-south symmetry necessarily precludes the exis-
tence of even-order multipoles, which implies north-south
symmetric backflow heating and antipodal hot spots. By
contrast, thermal X-ray pulsations from PSR J0030+0451
show evidence for non-antipodal hot spots (Bilous et al.
2019) [see also Cheng & Taam (2003)]. To match the obser-
vations qualitatively, we need to include north-south asym-
metry in the model. One possible approach is to prescribe a
different M(ψ) in the two hemispheres provided that care is
taken to preserve continuity across the equator. Attempting
naively to run separate north and south simulations with
different b or Ma values, to build a ‘total’ solution which
has a different flux profile M(ψ) in the north and south
(i.e. ‘gluing’ two profiles together), leads to an unphysical ψ
which is discontinuous at the equator.
To overcome this, we first run a simulation in the north-
ern (or southern, equivalently) hemisphere alone with the
symmetric boundary conditions listed above. The solver re-
turns a flux profile at the equator ψ(r, pi/2) = ξ(r) (say).
Re-running the same single-hemisphere simulation but with
the boundary condition ψ(r, pi/2) = ξ(r) instead of the
north-south Neumann condition returns the same solution –
as a numerical check – within an accuracy of . 2%. The
small discrepancy arises because we fit a cubic-spline to
the output of the initial simulation to construct ξ(r). A
full simulation over both hemispheres with bN 6= bS and/or
MNa 6= MSa is then run with the straight polar field line con-
dition ψ(r, pi) = ψ(r, 0), and the function ξ(r) is used as an
internal condition to force ψ(r, pi/2) = ξ(r). This ensures
that we construct a solution over 0 6 θ 6 pi that is ev-
erywhere continuous and conforms to the single-hemisphere
simulations in the symmetric limit.
The left panel of Figure 1 contrasts two ψ profiles,
one obtained by ‘gluing’ naively (black stars) as described
above and a second ‘smoothed’ profile (blue diamonds) ob-
tained using the periodic boundary condition together with
the internal flag ψ(r, pi/2) = ξ(r). The cubic-spline ξ(r) for
these simulations (though not used in the ‘naive’ case) is
shown in the right panel as the solid curve, which interpo-
lates between grid points (black stars). For both the ‘glued’
and ‘smoothed’ cases, the function ψ is evaluated at the
mountain-atmosphere boundary Rm, defined as the first ra-
dial grid point where ρ vanishes (to numerical precision) for
all θ. For this simulation we set MNa = 10
−5M, bN = 3 and
MSa = 2× 10−5M, bS = 4, and use the accreted crust EOS
described in Sec 2.3 (see Sec. 5.1 for further properties per-
taining to this particular solution). For these parameters we
find Rm = 22 m, shown by the dashed line in the right-hand
panel. The maximum disagreements between ψ profiles are
of the order . 2% at r = Rm, dropping to . 1% at smaller
radii, and the continuity of ψ at θ = pi/2 can be clearly seen
for the ‘smoothed’ run adopting the periodic conditions in-
stead of the unphysical Neumann condition.
Using the methods detailed in this section, we are now
in a position to construct equilibrium profiles for mag-
netic mountains. This is achieved by extending the Grad-
Shafranov solver initially developed by Payne & Melatos
(2004) and Priymak, Melatos & Payne (2011) to incorpo-
rate the periodic [ψ(r, 0) = ψ(r, pi)] and internal [ψ(r, pi/2) =
ξ(r)] conditions. For all simulations presented here, we em-
ploy a static, logarithmic radial grid with Nr = 256 cells,
which provides sufficient resolution to capture flux gradi-
ents in the base of the mountain, where the mass density
is greatest. A uniform, polar grid in cos θ with Nθ = 512
points is used, with Nθ/2 cells in each hemisphere, which
adequately captures the lateral pressure gradients and al-
lows us to check continuity across the equator, as in Fig. 1.
The exact convergence criteria, and their relation to the nu-
merical mesh size, are laid out in Appendix A of Priymak,
Melatos & Payne (2011) and are satisfied for all simula-
tions performed here with a 256× 512 grid. In several cases
where an analytic solution to the Grad-Shafranov problem
is available, Payne & Melatos (2004) found that a resolution
of 128×256 is already sufficient to reduce the mean errors in
ψ to be less than 0.1% at each cell; see Table B2 therein. For
further details about the explicit integration schemes used
to solve (1) while preserving flux-freezing (4), the reader is
referred to Suvorov & Melatos (2019).
3 MAGNETIC MULTIPOLES
In this paper, we are interested in field multipolarity in re-
cycled pulsars caused by accretion-induced magnetic burial,
with the ultimate goal of interpreting NICER hot spot data.
Given a solution ψ to the Grad-Shafranov problem (1) from
some physical input (e.g., Ma, b, B?, Γ, K) we can match the
solution to a force-free sum of multipoles at the outer bound-
ary of the computational box, r = Rf. Recalling that Rf is
chosen to be sufficiently large so as to encompass most of
the diamagnetic screening currents (Payne & Melatos 2004;
Mastrano & Melatos 2012), the matching procedure provides
a fair approximation to the external, vacuum field geometry
post-accretion. Magnetospheric factors, such as the static
© ? RAS, MNRAS 000, 1–14
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Figure 1. Comparison of a naively ‘glued’ flux profile ψ(Rm, θ) and a smoothed one (left panel) in the vicinity of the equator θ ≈ pi/2
obtained from a simulation employing the equatorial Dirichlet condition ψ(r, pi/2) = ξ(r) (right panel) for a representative example of
asymmetric accretion; see text for details on simulation parameters and the ‘gluing’ and ‘smoothing’ procedures. The maximum mountain
height Rm is shown by the dashed, gray line.
Goldreich & Julian (1969) plasma density or conduction cur-
rents (Arons 1983) near the light-cylinder prevent the exter-
nal region from being vacuum in reality, though a modelling
of these factors is beyond the scope of this work; see Vigano`
et al. (2015) for a detailed discussion of gap physics and
related factors.
We can nevertheless estimate the validity of the force-
free-atmosphere assumption by tracking the value of the
magnetization parameter σ, defined as the ratio of the mag-
netic enthalpy density to the thermal enthalpy density. A
large value of σ relative to the bulk Lorentz factor in-
dicates a force-free plasma (Michel 1991). In general, we
have σ = B2/
(
4pihmenc
2
)
for electron mass me, speed of
light c, specific enthalpy h, and particle number density
n. Another related quantity is the plasma beta, β, defined
as the ratio of hydrostatic pressure to magnetic pressure.
Figure 2 shows σ and β for spin frequency ν = 205 Hz,
as appropriate for PSR J0030+0451 (Riley et al. 2019),
at each radial grid point near the northern magnetic pole
(θ = 0.1) for a mountain with the relativistic electron EOS
and Ma = 1.2 × 10−7M. To prevent discontinuities in the
plasma numbers, a tenuous atmosphere has been included
by setting a mass density floor equal to the Goldreich-Julian
value. For r−R? & 208 m, where n falls below the Goldreich-
Julian value for this particular latitude, the magnetization
is very large relative to unity (σ & 1013). In contrast, the
plasma beta varies substantially throughout the bulk of the
mountain (10−2 . β . 102), indicative of a complicated hy-
dromagnetic structure, decreasing with altitude as expected.
Figure 2 is typical for simulations performed in this work.
We are now in a position to compute the moment
structure. The `-th magnetic multipole moment is defined
through
µ`(r) =
` (2`+ 1) r`
2 (`+ 1)
∫ 1
−1
d (cos θ)ψ (r, cos θ)
dP` (cos θ)
d (cos θ)
, (7)
for Legendre polynomials P`. The pre-accretion field, mod-
elled as a pure dipole, has only µ1(r > R?) = µ? = B?R3?/2
non-zero. Here and throughout we take the natal polar field
strength B? = 10
12.5G in line with population synthesis
models [see, e.g., Faucher-Gigue`re & Kaspi (2008)]. For pre-
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Figure 2. Dimensionless plasma numbers σ (black stars) and β
(blue diamonds) at each radial grid point for θ = 0.1 for the rela-
tivistic, electron EOS with Ma = 1.2× 10−7M. The mountain-
atmosphere boundary, where the particle number density n drops
to the Goldreich-Julian value nGJ, is shown by the dashed line.
sentation purposes, it is convenient to introduce normalised
moments µ˜` defined through
µ˜` =
2 (`+ 1)
R`−1f ` (2`+ 1)
µ`(Rf), (8)
so that each µ˜` has the same units (G cm
3), and does not
appear artificially inflated at large ` due to the `-dependent
prefactor used in the standard definition (7).
We compute a variety of magnetic equilibria assum-
ing north-south symmetry for various accreted masses (Sec.
4.2) and EOS parameters (Sec. 4.3), and determine the mo-
ments µ˜` of the resulting solutions using expression (8). Non-
antipodal models without north-south symmetry are then
presented in Sec. 5 along the same lines using the methods
described in Sec 2.4. Given an angular velocity vector Ω
as well, one can determine gap structures from the result-
ing ψ in principle, to eventually build a model of hot spot
geometry from astrophysical observables.
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4 SYMMETRIC ACCRETION: ANTIPODAL
HOT SPOTS
In this section we consider mountains built with north-
south symmetric mass-flux M(ψ), i.e. antipodal models. Al-
though not directly applicable to the NICER results for PSR
J0030+0451, these models allow us to investigate the impact
of the crustal EOS and Ma on the multipolarity, and provide
reference values for the non-antipodal cases given in Sec. 5.
4.1 Representative example
We first consider a representative example to demonstrate
the qualitative features of the multipolarity induced by mag-
netic burial. For this case, we take the relativistic degenerate
electron EOS (Γ = 4/3,K = 4.93× 1014) with bN = bS = 3
and MNa = M
S
a = 0.8× 10−7M, so that the total accreted
mass is given by Ma = 1.6× 10−7M.
The left panel of Figure 3 shows magnetic field lines
(solid curves) in a meridional cross-section for a force-free
sum of multipoles (up to order ` = 51) fitted to the Grad-
Shafranov output ψ at the computational edge Rf. We take
Rf = 1.3R? so that the Grad-Shafranov simulation encom-
passes most of the diamagnetic screening currents. The outer
edge Rf exceeds the maximum radial extent of the mountain,
Rm, defined as the first r such that ρ vanishes for all θ. For
this simulation, we find Rm = 217 m. The mountain oc-
cupies the thin, red region surrounding the star, itself rep-
resented by the grayed-out surface centered at the origin.
For comparison, field lines for the (dipolar) pre-burial field
with the same crustal footpoints are shown by the dashed,
gray lines, while the colour scale shows |B| of the post-
burial field (2). Magnetic field lines in the mountain region
R? 6 r 6 Rm are shown in the right panel of Fig. 3. The field
there reaches a maximum strength of |B| = 2.7 × 1014 G,
exceeding the field in the vacuum region r > Rm by almost
two orders of magnitude. Field lines in the equatorial zone
are pinched together, so that the overall geometry resembles
a ‘magnetic tutu’ configuration, familiar from previous sim-
ulations of magnetic burial (Melatos & Phinney 2001; Payne
& Melatos 2004).
The impact of burial on the global, vacuum field is most
noticeable through the curvature of field lines with crustal
footpoints near the equator. Field lines are combed sideways
in the mountain region (right panel) due to accretion, which
forces the matched field lines (left panel) to be stretched
around the equator. In particular, only one of the field lines
with this specific set of crustal footpoints closes within the
radius r . 4R?, while three such lines close for the pre-burial
field. Figure 4 shows the normalised multipoles µ˜` up to
` = 39 for this particular configuration, where we note again
that only odd multipoles are non-zero for a north-south sym-
metric solution. The global dipole moment is buried by 67%
relative to the initial moment µ? (i.e. µ˜1 = 0.33µ?), and the
` = 3 moment with µ˜3/µ? = 0.5 is greatest, though the ` = 5
and ` = 7 moments with µ˜5/µ? = 0.49 and µ˜7/µ? = 0.40,
respectively, are also comparable to the octupole and exceed
the dipole moment. Moments with ` > 11 are weaker than
µ˜1, and we find that µ˜` decreases monotonically with ` for
5 6 ` . 25, oscillates around ∼ 0.03µ? for 25 . ` 6 39, and
finally vanishes for ` > 39.
It is worth pointing out that, despite the field line
broadening effect (i.e. fewer field lines appear to close for
the post-accretion field) seen in Fig. 3, the higher-multipoles
contribute negligibly to the stellar spindown except for very
high rotational velocities Ω. In general, a pure `-pole leads
to a spin-down rate Ω˙ ∼ Ω˙dipole (R?Ω/c)2`−2 (Arons 1993),
where Ω˙dipole is the dipole spin down rate. Even for the
millisecond object PSR J0030+0451, the term within the
parenthesis is of the order ∼ (5.5± 0.5)× 10−2 (Riley et al.
2019), so that Ω˙dipole ∝ µ21 dominates.
The buried dipole moments µ1 we find for this and sub-
sequent simulations are consistent with those reported in
previous studies (Payne & Melatos 2004; Priymak, Melatos
& Payne 2011; Suvorov & Melatos 2019), and qualitatively
agree with observations. Spindown measurements indicate
that the magnetic dipole moment µ1 is inversely propor-
tional to the accreted mass Ma (Taam & van den Heuvel
1986; Hartman et al. 2008; Patruno et al. 2012), in line
with the empirical law proposed by Shibazaki et al. (1989),
µ1 = µ? (1 +Ma/Mc)
−1, where Mc is some characteristic
mass which depends on the EOS. For the relativistic elec-
tron EOS, we have Mc ∼ 10−7M (Priymak, Melatos &
Payne 2011).
4.2 Accreted mass
Here we consider a variety of models for fixed EOS parame-
ters but for varying accreted masses, and compute the multi-
polarities of the exterior, force-free solutions fitted to Grad-
Shafranov equilibria. For runs performed in this and the
following section, we take MNa = M
S
a and b
N = bS = 3.
Figure 5 shows the first ` 6 39 magnetic moments µ˜` for
the same EOS used in the representative example (cf. Fig.
4) but for Ma = 8× 10−8M (black stars), Ma = 10−7M
(blue diamonds), and Ma = 1.2 × 10−7M (green circles).
The global dipole moments for all of these solutions are
less buried than the representative example (Fig. 4), with
µ˜1/µ? > 0.48, since they have less accreted mass. However,
in all cases with Ma & 10−7M, the octupole moment is
greatest, with µ˜3/µ? = 0.76 for Ma = 1.2 × 10−7M. The
prominence of higher-order moments decreases for lower ac-
creted masses, as can be seen for Ma = 8× 10−8M, where
even the ` = 5 moment is small compared to its dipole
and octupole counterparts (with µ˜5 = 0.13µ?  µ˜3). Over-
all, moments with ` > 9 are negligible for accreted masses
Ma . 1.2 × 10−7M. For the narrow range 8 × 10−8 6
Ma/M 6 1.2 × 10−7 considered in Fig. 5, we do not see
a systematic trend of µ˜` versus Ma but rather see that
the multipolarity is similar in all three cases, as expected.
Widening the range of Ma substantially, for example to in-
clude the regime Ma Mc, is impractical due to numerical
convergence issues, as described in detail elsewhere (Payne
& Melatos 2004; Vigelius & Melatos 2008, 2009; Priymak,
Melatos & Payne 2011).
For comparison, Figure 6 shows moments for a some-
what wider variety of accreted masses [Ma = 2 × 10−5M
(black stars), Ma = 3 × 10−5M (blue diamonds), and
Ma = 4×10−5M (green circles)] but for the accreted crust
EOS built to match the data collated in Table 1 of Haensel
& Zdunik (1990), as detailed in Sec. 2.3. This EOS (with
Γ = 1.18) is softer than the relativistic electron EOS, so
that the resulting mountains are more compressed and more
mass must accrete to achieve the same degree of burial, with
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Figure 3. Field lines in a meridional cross section for the pre- (dashed) and post- (solid) accretion magnetic fields for the symmetric case
with Ma = 1.6 × 10−7M and a crust with a relativistic electron EOS (i.e. Γ = 4/3,K = 4.93 × 1014). The colour scales show |B| for
the post-accretion field (2), where brighter shades indicate a greater field strength. The neutron star surface is shown by the grayed-out
surface centered at the origin. Field lines in the mountain region R? 6 r 6 Rm (for x > 0; right panel) are contained within the thin,
red layer surrounding the star (left panel). The mountain achieves a maximum radial extent of Rm = 217 m in this case.
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✶ Ma=1.6⨯10-7M☉
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Figure 4. Dimensionless multipole moments µ˜`/µ? versus multi-
pole order `, computed from expression (8), for the post-accretion
field displayed in Fig. 3.
Mc ≈ 2.4 × 10−5M (Suvorov & Melatos 2019). For Ma .
3 × 10−5M, the octupole moment is dominant (e.g. with
µ˜3/µ? = 0.52 for Ma = 3 × 10−5M). The ` = 5 moment
is also comparable to the octupole for Ma & 3 × 10−5M,
and actually exceeds both the ` = 1 and ` = 3 moments
for the highly-buried case with Ma = 4 × 10−5M. In this
latter case, the dipole moment is reduced by & 80% and
µ˜5/µ˜3 = 1.06. The ` = 7 moment is also roughly equal to
the octupole moment in this case.
Overall, the moments for this EOS behave in a quali-
tatively similar way to those seen in Fig. 5. However, Ma
exceeds somewhat the associated characteristic mass Mc, so
higher-order multipoles are non-negligible for a greater range
of `; for the highly-buried Ma = 4×10−5M case, the dipole
moment is weaker than each of the ` 6 19 moments. The
trend of increasing high-` multipole prominence with greater
Ma is expected physically because field line curvature near
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Figure 5. Dimensionless multipole moments µ˜`/µ? versus multi-
pole order ` for Ma = 8× 10−8M (black stars), Ma = 10−7M
(blue diamonds), and Ma = 1.2 × 10−7M (green circles) for
a crust with polytropic EOS with adiabatic index Γ = 4/3 and
polytropic constant K = 4.93× 1014, as appropriate for an isen-
tropic gas of relativistic electrons.
the equator increases withMa (see Sec. 5.1). Higher harmon-
ics are required to capture sharp angular gradients, which
necessitates the inclusion of non-negligible, higher-` terms in
the expansion for B. Again, extending the simulations fur-
ther to the regime Ma Mc is impossible due to challeng-
ing numerical convergence issues (Payne & Melatos 2004;
Vigelius & Melatos 2008, 2009; Priymak, Melatos & Payne
2011).
4.3 Equation of state
For completeness, we also compare simulations with a fixed
accreted mass, though with varying polytropic constants K
and Γ. In particular, at depths where the neutron-drip den-
sity ρnd ∼ 5× 1011 g cm−3 is exceeded, non-relativistic, de-
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Figure 6. Dimensionless multipole moments µ˜`/µ? versus mul-
tipole order ` for Ma = 2 × 10−5M (black stars), Ma = 3 ×
10−5M (blue diamonds), and Ma = 4×10−5M (green circles)
for the accreted crust EOS with Γ = 1.18 and K = 6.18× 1014.
generate neutrons are expected to populate the crust in ad-
dition to the relativistic, degenerate electrons (Brown 2000).
This leads to a stiffening of the EOS towards the values ap-
propriate for an isentropic gas of degenerate neutrons, viz.
Γ = 5/3 and K = 1.23 × 1015. As such, to represent a
crust which contains a mixture of relativistic (Γ = 4/3)
and non-relativistic (Γ = 5/3) neutrons and electrons in
some ratio, we consider a range 1.33 6 Γ 6 1.37 and
0.49 6 K/1015 6 1.23.
Figure 7 details the moments for Grad-Shafranov equi-
libria with fixed K = 1.23 × 1015 but with Γ = 1.33 (black
stars), Γ = 1.35 (blue diamonds), and Γ = 1.37 (green cir-
cles), with Ma increasing from the left panel to the right.
Larger Γ means a harder EOS and a less compressed moun-
tain in general, so that polar magnetic flux is squeezed into
comparatively larger volumes than for softer EOS. Conse-
quently, screening currents flow further from the stellar sur-
face, and µ reduces more for a given Ma (Priymak, Melatos
& Payne 2011; Suvorov & Melatos 2019). As before, increas-
ing Ma shifts the magnetic multipolarity towards higher-
orders: µ1 decreases relative to Ma, and is superseded as the
leading-order multipole by the octupole (e.g. µ˜3/µ? = 0.51
for Ma = 3× 10−8). An exception is the lightly-buried case
with Ma = 10
−8M, where even for Γ = 1.37 the dipole
moment is only buried by 10%. In this latter case, all ` > 3
moments are negligible, being less than ∼ 0.1 times the value
of the dipole component, indicating that multipolarity can
be ignored for low accreted masses regardless of the par-
ticulars of the EOS [cf. Singh et al. (2020)]. In contrast, for
accreted masses Ma & 3×10−8M and sufficiently stiff EOS
with Γ > 1.37, moments up to ` ∼ 9 are comparable with
the buried dipole moment; e.g., µ˜9/µ˜1 = 0.82 for the green
circles run shown in the rightmost panel.
Figure 8 is similar to Fig. 7, though we fix Γ = 4/3
and consider the range 4.9 6 K/1014 6 8.9, where again
Ma increases from the left to right panels. These simula-
tions reinforce the conclusions drawn from Figs. 5 and 7,
where we see that the octupole moment dominates over the
other moments until Ma reaches a sufficiently large, EOS-
dependent value, whereupon the ` = 5 moment matches
the octupole, i.e. µ˜5/µ˜3 = 0.95 for Ma = 10
−7M for the
K = 8.9 × 1014 case. In particular, the fact that the same
patterns are observed within Figs. 7 and 8 indicates that
different combinations of Ma and the EOS parameters can
lead to almost exactly the same set of moments. A larger
accreted mass can be mimicked by a stiffer EOS and vice-
versa since both enhance field line compression. For instance,
fixing Γ = 4/3, the moments with Ma = 8 × 10−8M,
K = 8.9 × 1014, and ` 6 7 agree to within 15% with the
moments for Ma = 10
−7M and K = 6.9×1014. The higher
moments are negligible in both cases, with µ˜`/µ? . 10−2 for
` > 7. Mountain predictions for field multipolarity are there-
fore relatively insensitive to the exact values of Ma and the
EOS parameters, and a particular moment set {µ˜`} corre-
sponds either to several distinct mountain configurations or
none at all, though time-dependent effects may modify the
solution space (Brown, Bildsten & Rutledge 1998; Litwin et
al. 2001; Vigelius & Melatos 2009).
5 ASYMMETRIC ACCRETION:
NON-ANTIPODAL HOT SPOTS
As discussed in Sec. 1, the recent NICER results for the recy-
cled pulsar PSR J0030+0451 indicate that the system has
non-antipodal hot spots (Bilous et al. 2019). This implies
that the magnetic field cannot be that of a simple dipole
and, more importantly, that the overall magnetic field can-
not be north-south symmetric. In the context of magnetic
burial, this requires an equatorially-asymmetric accretion
flow and/or cross-hemispheric mass transport3. Such a sce-
nario is considered in this section, where we allow for asym-
metric accretion, wherein the mass-flux profile M(ψ) differs
between the northern and southern hemispheres. This allows
for even multipoles to be non-zero.
To this end, we consider both the relativistic electron
(Γ = 4/3,K = 4.93 × 1014) and accreted crust (Γ =
1.18,K = 6.13×1014) EOS used in Sec. 4.2, though we take
different b and Ma values between the two hemispheres when
calculating dM/dψ through expression (5). We stress that
the models presented here do not represent a realistic accre-
tion process. They simply demonstrate that the burial sce-
nario accommodates non-antipodal hot spots qualitatively.
5.1 Representative example
We first consider a representative example for the accreted
crust EOS with MSa = 2M
N
a = 2 × 10−5M, bN = 3
and bS = 4. Physically speaking, bS > bN implies that a
smaller fraction of MSa accretes within the southern polar
cap 0 6 ψ(r, θ > pi/2) 6 ψSa than MNa accretes within the
northern cap, though the accretion flow is such that more
material by mass is deposited within the southern hemi-
sphere overall, viz. MSa > M
N
a . From equation (6), we see
that a value of bS = 4 implies that ≈ 64% of MSa accumulates
within the southern polar-flux tube, while ≈ 67% of MNa is
loaded onto the northern polar-flux tube for bN = 3. As such,
the section of the mountain contained within the southern
3 A third possibility not considered here is that the pre-accretion
field is not north-south symmetric. Internal processes [such as
crustal Hall drift (Geppert, Gil & Melikidze 2013)], possibly ac-
celerated by accretion (Urpin & Geppert 1995), may drive an
asymmetric field evolution during an LMXB phase even if the
accretion flow is symmetric.
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Figure 7. Dimensionless multipole moments µ˜`/µ? versus multipole order ` for a variety of adiabatic indices 1.33 6 Γ 6 1.37 (see colour-
coded symbols and curves in plot legends) with fixed K = 1.23×1015, for accreted masses Ma = 10−8M (left panel), Ma = 2×10−8M
(center panel), and Ma = 3× 10−8M (right panel).
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Figure 8. Dimensionless multipole moments µ˜`/µ? versus multipole order ` for a variety of polytropic constants 4.9 × 1014 6 K 6
8.9× 1014 (see colour-coded symbols and curves in plot legends) with fixed Γ = 4/3, for accreted masses Ma = 6× 10−8M (left panel),
Ma = 8× 10−8M (center panel), and Ma = 10−7M (right panel).
polar cap contains only ≈ 94% more material by mass than
its northern counterpart even though we have MSa = 2M
N
a ,
because we have
(
e4 − e)MSa / [(e4 − 1)MNa ] = 1.94.
Figure 9 shows field lines (solid lines) in a meridional
cross-section for the force-free sum of multipoles (up to order
` = 51; left panel) fitted to the Grad-Shafranov output ψ
(right panel) at the computational boundary Rf, where the
colour scale shows the strength |B| of the post-burial field
(2). Similar to Fig. 3, the neutron star itself is represented
by the grayed-out surface centered at the origin, while the
mountain occupies the thin, red region surrounding the star
in the left panel. The mountain achieves a height of Rm =
22 m for this particular simulation, roughly 10% of that of
the mountain in Fig. 3 even though the accreted mass is two
orders of magnitude larger, because the EOS here is softer.
Several features unique to asymmetric accretion are ev-
ident in Fig. 9. The dipolar loops surrounding the equator
are tilted northward, as the buried field in the south (z < 0)
squashes the magnetic field into the northern hemisphere,
overwhelming the total pressure (thermal plus magnetic)
at the base of the lighter, northern mountain. The emer-
gence of even-order multipoles (especially the quadrupole,
with µ˜2/µ? = 0.4; see Fig. 10) is evident, as field line
compression in the southern hemisphere is much greater
than in the northern hemisphere, especially near the (ge-
ographic) equator, which breaks the equatorial reflection
symmetry. The field in the mountain region resembles a
lop-sided magnetic tutu, and the curvature of field lines an-
chored near the southern (geographic) pole is substantial,
as B exhibits strong gradients there (reaching a maximum
|B| ∼ 1015 G within the mountain region). In the exterior re-
gion r > Rm, the maximum field strength is ∼ 5 times higher
in the southern hemisphere (maximum |B| = 1.1 × 1013 G
at θ = 1.69) than in the northern hemisphere (maximum
|B| = 2.9× 1012 G at θ = 1.04).
Figure 10 shows the normalised moments µ˜` for the field
displayed in Fig. 9. Even moments are non-zero in this case.
The quadrupole, octupole, and ` = 4 moments take values
within a few percent of each other, though are weaker than
the dipole component by ∼ 20%. Comparing the moments
with the Ma = 3× 10−5M symmetric case (blue diamonds
in Fig. 6), we see that the dipole moment is comparatively
favoured by the asymmetry, with µ˜asym1 /µ˜
sym
1 = 1.25. This
occurs because of the field line crowding effect seen in Fig. 9.
The global dipole moment is sensitive to field line curvature
at both poles, so bS > bN and MSa > M
N
a imply that lines
are combed sideways but tilted northward, and the dipole
component is overall less affected than in the symmetric
case. In the symmetric case, even for Ma . 2 × 10−5M
where the dipole moment is buried by . 40%, the octupole
moment satisfies µ˜3 > µ˜1. In the asymmetric case, even
though the dipole moment is buried by & 55%, it exceeds
the octupole, viz. µ˜3/µ˜1 = 0.67. This indicates that the
growth of even-order moments comes at the expense of odd-
order moments, i.e. the non-negligible (µ˜2 ∼ 0.3) quadrupole
component detracts from the octupole component. This is
likely because field line curvature in the northern hemisphere
decreases due to the lop-sided accretion, reducing the odd-
moments relative to the symmetric case because closed field
lines are less pinched overall.
Although we focus mostly on the far field in this paper,
it is interesting to also monitor the variation of the multipole
moments with altitude through the accreted layer, where the
diamagnetic screening currents reside (right panel of Fig. 9).
Figure 11 shows µ˜` for ` 6 5 as a function of r [defined by
replacing µ(Rf) by µ(r) on the right-hand side of (8)] up to
and a bit beyond the mountain-atmosphere boundary, i.e.
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Figure 9. Magnetic field lines for the post-accretion field for a mountain with the accreted crust EOS (Γ = 1.18,K = 6.13× 1014) with
Ma = 10−5M in the north and Ma = 2× 10−5M in the south, and with b = 3 in the north and bS = 4 in the south. The colour scales
show |B|, with brighter shades indicating a stronger field. The neutron star surface is shown by the grayed-out surface centered at the
origin. Field lines in the mountain region R? 6 r 6 Rm (for x > 0; right panel) are contained within the thin, red layer surrounding the
star (left panel). The mountain achieves a maximum radial extent of Rm = 22 m in this case.
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Figure 10. Dimensionless multipole moments µ˜`/µ? versus mul-
tipole order ` for an asymmetric accretion model with Ma =
10−5M and b = 3 in the north and Ma = 2 × 10−5M and
b = 4 in the south. The analogous graph for symmetric accretion
is presented in Fig. 6.
for R? 6 r 6 5Rm. The higher-` moments grow monotoni-
cally while the dipole component reduces, until the exterior
region at r > Rm is reached where the dipole reaches its
buried value µ˜1/µ? = 0.45. Small variations and oscillations
on the order of ∼ 3% occur between Rm and Rf. Compar-
ing with Fig. 10, where we note that the leading-order non-
dipole moment is ` = 4, we see in fact that µ˜4 is the largest
non-dipole moment throughout the entire mountain, closely
followed by µ˜2 and µ˜3 which are within . 5% of µ˜4. We
may therefore conclude that the global moment calculations
(7) are not sensitive to the numerical truncation radius Rf:
fitting a force-free sum of multipoles to ψ at any r > Rm
leads to approximately the same moment set.
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Figure 11. The five highest-order moments as functions of ra-
dius, µ˜`(r) [defined by replacing µ(Rf) by µ(r) on the right-hand
side of (8)], throughout the region R? 6 r 6 5Rm containing the
diamagnetic currents in the mountain for the asymmetric model
with the accreted crust EOS, MSa = 2M
N
a = 2×10−5M, bN = 3
and bS = 4. The mountain-atmosphere boundary Rm = 22 m is
shown by the dashed, vertical line.
5.2 Accreted mass and equation of state
As in Secs. 4.2 and 4.3, we present here simulations for a
variety of accreted masses for the accreted crust and rel-
ativistic electron EOS, to further validate the conclusions
drawn from the representative example given above.
For ease of presentation, Figure 12 shows odd- (left
panel) and even- (right panel) order moments for the ac-
creted crust EOS with MNa = M
S
a but b
N = 3 and bS = 4
(similar to Fig. 6 though with different b values). Overall,
the odd moments are in fact similar to the symmetric case.
However field lines from the south encroach into the north
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(see Fig. 9) and the moments are slightly reduced; we ob-
tain µ˜asym1 /µ˜
sym
1 = 1.07 for Ma = 4× 10−5M, for example.
This occurs because comparatively less material is loaded
into the southern polar flux tube for bS > bN. The even
moments are non-zero and increase monotonically with in-
creasing Ma. They are smaller than neighbouring (` ± 1)
odd moments. For example, the quadrupole (µ˜2/µ? . 0.06
for Ma . 4 × 10−5M) is & 5 times smaller than the oc-
tupole.
Figure 13 is similar to Fig. 12 but employs the relativis-
tic electron EOS, with comparatively lower Ma overall so
that the dipole moments µ˜1 are comparable to those shown
in Fig. 12. The odd moments match with the corresponding
symmetric cases described in Sec. 4 to within∼ 10%, and the
even-moments, while non-zero, are relatively weak compared
to the neighbouring (`± 1) odd moments, e.g. µ˜4/µ˜5 = 0.29
for Ma = 10
−7M. Putting everything together, the burial
scenario therefore predicts that a factor ∼ 2 mass loading
differential between the north and south (i.e. MSa & 2MNa
or vice-versa) is necessary to develop quadrupole moments
satisfying µ˜2/µ˜1 ∼ 1 independently of the EOS. This con-
clusion is further validated by Figure 14, which depicts a
case where the b-ratio is 2 between the north and south
rather than 4/3 as used in previous simulations. Here, the
quadrupole component µ˜2/µ? = 0.09 is a factor ∼ 5 smaller
than the octupole and the dipole moment is roughly equal
(within a few percent) to the dipole moment for the sym-
metric bN = bS = 3 case.
6 DISCUSSION
Recycled pulsars may possess magnetically supported polar
mountains from prior episodes of accretion and have buried
magnetic fields (Blondin & Freese 1986; Payne & Melatos
2004; Patruno et al. 2012; Mukherjee et al. 2013). Recent
results from the NICER experiment indicate that recycled
pulsars have non-antipodal hot spot structures (Bilous et al.
2019) and therefore have non-dipolar magnetic fields (Stur-
rock 1971; Muslimov & Harding 2003), a conclusion sup-
ported by radio pulse modelling and Stokes tomography
(Chung & Melatos 2011; Burnett & Melatos 2014). In this
paper we point out that, in the burial scenario, field lines
are laterally shifted via flux-freezing during periods of active
accretion, which facilitates the growth of multipole moments
µ` with ` > 1, which peak at ` values that depend on Ma
and the particulars of the crustal EOS (cf. Figs 7 and 8).
If the polar-cap geometries are asymmetric (bN 6= bS), or if
Ma is larger in one hemisphere than the other (M
N
a 6= MSa ),
the magnetic field in one hemisphere crowds into the other
hemisphere, dragged by the mass sliding sideways under its
own weight. The result is an equatorial asymmetry in the
magnetic field and a distinctive trend in µ˜` versus `, as ob-
served in Figs. 9 and 10.
We extend previous studies by implementing bound-
ary conditions (detailed in Sec. 2.4) that allow the mass-
flux relation M(ψ) to differ in the northern and south-
ern hemispheres (see Fig. 1). We consider a wide range
(10−8 . Ma/M . 10−4) of accreted masses and poly-
tropic EOS p = KρΓ with 0.49 6 K/1015 6 1.23 (in cgs
units) and 1.18 6 Γ 6 1.37. We find that for MNa /MSa & 2
(or equivalently MSa /M
N
a & 2) a quadrupole moment can
be generated which is comparable with the (buried) global
dipole moment, µ˜2 ∼ µ˜1. For example, for the accreted
crust EOS, obtained by fitting a polytrope to the simula-
tions of Haensel & Zdunik (1990), with Ma = 3 × 10−5M
but MNa = 2M
S
a , we obtain µ˜2/µ˜1 = 0.7 (see Fig. 10). For
this simulation, the octupole and ` = 4 moments are within
∼ 20% of the dipole moment and are even more prominent
than the quadrupole. For greater accreted masses leading to
more burial, the 2 6 ` . 7 moments come to dominate over
the dipole component. For example, for Ma = 4× 10−5M,
we find µ˜5 ≈ 2µ˜1 (see Fig. 12).
The above results are a first step in constructing hot
spot models for recycled pulsars or actively accreting LMXB
systems undergoing magnetic burial. They show how a set
of multipoles {µ`} can be tied to the accretion history of the
object, although the mapping is not one-to-one as discussed
at the end of Sec. 4.3. By fitting a force-free magnetosphere
model to NICER data for PSR J0030+0451, Chen, Yuan
& Vasilopoulos (2020) found that a mixed, offset dipole-
quadrupole field is sufficient to replicate the observed light
curves and antipodal structures (Bilous et al. 2019). This
fits well within the burial scenario for Ma ∼Mc, where the
dipole component is reduced by a factor ∼ 2 and multi-
poles with ` 6 4 are appreciable, as for the MNa = 2MSa
case discussed above. For accreted masses Ma  Mc, the
dipole component is significantly reduced and higher mul-
tipoles dictate the field structure. For example, the Ma =
1.6 × 10−7M asymmetric accretion simulation shown in
Fig. 13 produces µ˜`  µ˜1 for 3 6 ` 6 7. This suggests
that the burial scenario can accommodate a wide range
of hot spot geometries, including those observed for PSR
J0030+0451. Using Monte Carlo methods, Kalapotharakos
et al. (2020) found that a diverse range of multipolar geome-
tries can reproduce the observed X-ray light curves for PSR
J0030+0451, further strengthening this conclusion.
Different combinations of Ma, K, and Γ can produce
quantitatively similar sets of multipole moments {µ`}. The
simulations shown in Figs. 12 and 13 are one such exam-
ple, with Ma = 3 × 10−5M and an accreted crust EOS
versus Ma = 1.6× 10−7M and a relativistic electron EOS
respectively. This implies that multiple mountain configu-
rations could theoretically explain the hot spots of PSR
J0030+0451, and a fine-tuning between parameters is not
required. However, it may be difficult therefore to disentan-
gle the EOS parameters from Ma and the particulars of the
asymmetric accretion history from measurements of µ` for
a few ` values alone.
The time-varying mass quadrupole of the rotating
mountain emits gravitational waves with a characteristic
strain (Riles 2013; Lasky 2015)
h0 ≈ 10−26
( 
10−8
)( P
2 ms
)−2(
d
1 kpc
)−1
, (9)
for a star with spin period P . The exact value of  de-
pends sensitively on the mountain EOS and can vary by sev-
eral orders of magnitude (Priymak, Melatos & Payne 2011;
Mukherjee & Bhattacharya 2012). In an idealised model, it
can be approximated as (Melatos & Payne 2005)
 ≈ 5Ma
4M? (1 + 9Ma/8Mc)
, (10)
for stellar mass M?. Upper limits on h0 from the Laser
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Figure 12. Odd- (left panel) and even- (right panel) order dimensionless multipole moments µ˜`/µ? versus multipole order ` for accreted
masses (as in Fig. 6) Ma = 2× 10−5M (black stars), Ma = 3× 10−5M (blue diamonds), and Ma = 4× 10−5M (green circles) for
mountains governed by the accreted crust EOS, with hemispheric fluxes (5) with bN = 3 and bS = 4.
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Figure 13. As for Fig. 12 but with a relativistic electron EOS and accreted masses Ma = 6 × 10−8M (black stars), Ma = 10−7M
(blue diamonds), and Ma = 1.6× 10−7M (green squares).
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Figure 14. Dimensionless multipole moments µ˜`/µ? versus mul-
tipole order ` for a mountain with Ma = 10−7M (i.e. MSa =
MNa = 5 × 10−8M) and the relativistic electron EOS (Γ =
4/3,K = 4.93× 1014) with bN = 2 and bS = 4.
Interferometer Gravitational-wave Observatory (LIGO) set
 . 4.6 × 10−8 for PSR J0030+0451 (Abbott et al. 2017),
which is broadly comparable to the ellipiticites (10) one
gets from first principles modelling for soft EOS (Melatos
& Payne 2005; Vigelius & Melatos 2008; Wette, Vigelius &
Melatos 2010; Mukherjee et al. 2013). Woan et al. (2018)
have provided evidence that all millisecond pulsars have a
minimum ellipticity  & 10−9, which may be connected with
a permanent mountain having formed during a prior LMXB
phase (Mastrano & Melatos 2012). Moreover, asymmetric
accretion leads to uneven thermonuclear activity within the
crust, thereby modulating cooling rates (Wijnands, Dege-
naar & Page 2013; Haskell et al. 2015; Pons & Vigano`
2019) and contributes a ‘thermal’ ellipticity to (9) from
density deformations triggered by compositional gradients
(Ushomirsky, Cutler & Bildsten 2000; Singh et al. 2020; Os-
borne & Jones 2020). Current and upcoming gravitational-
wave experiments will therefore help to disentangle the ef-
fects of Ma, K, and Γ on µ`, although not necessarily
uniquely, and enable further tests of the mountain scenario.
Finally, it is important to point out that we have only
investigated static mountains in this paper. Time-dependent
effects related to the accretion flow [e.g., the onset of mag-
netic turbulence (Lasota 2001; Done, Gierlin´ski, & Kub-
ota 2007; Kong et al. 2011)] and the magnetohydrodynamic
equilibration of the mountain itself [e.g., the onset of bal-
looning or Parker instabilities (Litwin et al. 2001; Vigelius &
Melatos 2009; Mukherjee et al. 2013)] may adjust the conclu-
sions reached here. At least with respect to the former, the
large values of the magnetization parameter σ (Fig. 2) sug-
gest that a force-free approximation for the magnetosphere
is reasonable (Michel 1991). Further investigation on this
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point would be worthwhile, especially for near-Eddington
accretion rates. Modelling dynamic magnetic fields and the
evolution of the (force-free) plasma simultaneously would
allow one to study both the accretion process and the for-
mation of hot spots self-consistently.
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